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The interband and intraband conductivities of doped gra-
phene were theoretically investigated beyond the linear 
response. The new dependences of induced currents on 
frequency and amplitude of external electric field, the 
graphene temperature and chemical potential were de-
termined for sufficiently strong electric fields in the reso-
nant approximation. Particularly, the saturation of in-
duced currents and the non-linear increase of optical 
transparency with wave intensity growth were obtained 
for arbitrary temperatures and doped situation. As con-
trasted to increase for the interband transitions at fixed 
intensity, the transmission coefficient of intraband mech-
anism decreases with rise of the chemical potential and 
temperature.  
 
 
1 Introduction A number of theoretical works [1-3] 
revealed universal behavior of low-temperature dynamic 
conductivity and optical transparency of graphene mono-
layer as a linear response of Dirac fermions to alternating 
electric field and incident electromagnetic wave. This be-
havior is mainly determined by universal physical con-
stants and fine structure constant, it was experimentally 
confirmed in the infrared [4-6] and visible [7] spectral re-
gion. In the letter [8] the nonlinear and resonant response 
was related only with the particular case of interband tran-
sitions in clean graphene at zero absolute temperature and 
chemical potential ߠ ൌ ߤ ൌ 0. 
The present article contains different and more general 
method of consideration for the interband and inraband 
conductivity of doped graphene in post-linear and resonant 
response at arbitrary temperature and chemical potential. 
We apply the density matrix theory for the quantum transi-
tions in doped graphene. In our work the approximate ex-
pression for the function of distribution of stationary non-
equilibrium state of Dirac electrons at sufficiently strong 
electric fields was derived, that it is useful for the other 
problems of physical kinetics. 
The obtained results of present work correspond to the 
resonant approximation known in quantum optics as the 
rotating wave approximation. 
The new modified nonlinear effects of saturation of 
both dissipative and non-dissipative parts of induced cur-
rent were obtained under general conditions, as well as rel-
evant "nonuniversal" features from effects of doping, finite 
temperature, interband and intraband transitions for the 
graphene transparency behavior at sufficiently large inten-
sity of incident radiation. 
 
2 Model The Hamiltonian of system in the vicinity of 
Dirac points within pseudo-spin space of graphene sublat-
tices: 
0
ˆ ˆ ˆˆˆ eH u H V
c
      σ p A , (1) 
where ˆ ˆˆH u  σp , σˆ  are Pauli matrices, u  is Fermi speed, 
typical for graphene, ˆ i  p  , e  is electron charge, 
( )tA  is vector potential of uniform alternating electric 
field. 
The electric field (with a frequency  ) 
0( ) exp( )t i t E E  is directed along the x-axis and caus-
es appearance of ac current of density j  in the graphene. 
The operator of current density ˆ ˆeuj σ . The eigenvalues 
= sup and eigenfunctions [9]: 
2  B.M.Ruvinskii, M.A.Ruvinskii: Dynamic conductivity of doped graphene in post-linear response 
 
 
1 1| , exp ,
2 pi
sis
L e
          
p pr  (2) 
correspond to operator 0Hˆ ; 1s    for 1 state (of the elec-
tron within conduction band) and 1s    for 2 state (of the 
electron within valence band), cosx pp p  , 
siny pp p  , p  is the angle between two-dimensional 
vector of electron momentum and electric field, 2L  is the 
system area. 
In the graphene conductivity the corrections of elec-
tron-electron interaction are small [10] except for the exci-
tonic effects. We take into account the finite lifetime 1/ p  
of carriers, which is assumed to be the same for electrons 
and holes due to electron-hole symmetry. For the qua-
siparticle picture to be meaningful, it is necessary to have 
   in any case. 
As a result of electric field effect,  -energy is shifted 
(  ) during an electron lifetime in the conduction band. 
According to the probability multiplication theorem, the 
corresponding distribution function 1( , )   can be ex-
pressed as: 
1 0( , ) ( , ) ( )P f        , (3) 
where ( , )P    is conditional distribution function, 
  10 ( ) exp[( ) / ] 1f          is Fermi-Dirac function,  
is chemical potential of graphene in equilibrium state. The 
conditional distribution function can be defined, taking in-
to account the time factor of attenuating states exp( )pt , 
0
2
2 2
( | ) Re exp
( )
      
( ) ( )
p p
p
p
iP t t dt    

 
      
 
 


 (4) 
and 2( )  can be found from the amplitude of diagonal 
matrix element 11V  of intraband transition: 
2
2 2
11 0( ) | | x
eupV E
p
 
      . (5) 
From (3)-(5) we obtain a formula for the function of distri-
bution of stationary non-equilibrium state of an electron 
within conduction band 01 1( , )    : 
12
0 2
1 01 ( )x
p f
p
   
         
, (6) 
where  
0
p
euE    (7) 
is the typical dimensionless parameter of the task. Similar-
ly we have for the distribution function within valence 
band: 
12
0 2
2 01 ( )x
p f
p
   
           
, (8) 
where   10 ( ) exp[( ) / ] 1f            . Apart from   , (5) also results in limiting the upper value   (or 
electric field) /   . 
We have derived the following equation for chemical 
potential of graphene in equilibrium state: 
2 2
2
0 2 2
1
2 ( 1)2 exp
( ) 2 6
m
m
mn
u m
   


                (9) 
( 0n  is concentration of electrons and holes), where 
0u n    at sufficiently low temperature   , and 
2
0( ) / 4 ln2u n     at high temperature   , as con-
sistent with [3]. The Eq.(9) coincides exactly with the 
Eq.(74) of the paper [11] in case of zero gap 0   by us-
ing identities for dilogarith function. 
 
3 The equation for the density matrix and 
quantum transitions in doped graphene The quan-
tum equation of motion for the statistical operator ˆ  (den-
sity matrix) 
ˆ ˆ ˆˆ ˆi H H
t
       (10) 
is written for the matrix elements of the interband transi-
tions ( 12  for the 2 1  transition) 
12
11 22 12 22 11 12( ) ( )i H H Ht
        ,  (11) 
where "1" is index of the electron state in the conduction 
band, and the "2" in the valence band. For the basic system 
functions we choose the eigenfunctions (2) of operator 0Hˆ  
in the absence of an external electric field. Interband tran-
sition is a vertical transition in which the two-dimensional 
vector p  is an integral of motion. The change in the un-
perturbed energy of the electron in the interband transition 
2 1  is equal 
0 11 0 22( ) ( ) 2H H   , (12) 
and 2   in conditions close to the exact resonance. 
The operator ˆ( )V t  for interaction of the electron with the 
electric field, where the symbol Re is omitted before the 
complex factor, has form: 
0
ˆ ˆ( ) exp( )x
euV t i E i t   . (13) 
Matrix elements of the operator (13) in the base system 
functions are equal: 
0( ) ( 1)
y i tpeuV t H E e
p
 
  
     (14) 
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for 1,2    , and 
0( ) ( 1)
i txpeuV t i E e
p
 
 
      (15) 
for 1,2   . The matrix elements 11  and 22  corre-
spond to the intraband transitions. Then we find the sta-
tionary solutions of equations (11) for the interband transi-
tions ( 2 1  and 1 2 ) in the resonant interaction, when 
2 ,  2        (16) 
and in the stationary regime 11 222 V V   for t    we 
take into account only the linear time factor i te  , omitting 
the terms, oscillating at twice the frequency: 
( ) ( )
2 ( 1)
t V t  
   
       ( )  . (17) 
The diagonal elements   and   ( )   in formula 
(17) are not dependent on time and have a sense of intra-
band distribution functions of the stationary non-
equilibrium state. Thus the post-linear response is related 
to the determination of these functions, depending on the 
amplitude of the electric field. The explicit form of the di-
agonal elements is unknown and it can not be obtained on-
ly from the equation (11) without the additional infor-
mation about the subsystem, for example, from the master 
equation. The system of quantum kinetic equations can be 
formulated in the  -space [12] with a single relaxation 
time 1   for graphene: 
( ) ( )i V V i w w
t

       
          , (18) 
[2 ( 1) ]
( ) ,        
i V V i
t
V
 
  
  
   
 
      
 
 
 (19) 
where 1,2   , 0w f   is the probability of tran-
sition states    in a unit of time, 0f   is the equilibri-
um distribution function of the charge carriers. Using the 
well-known methods for finding stationary solutions in the 
resonant approximation [12,13], from the equation (18) 
with taking into account (19) at 2 2( 2 ) ( )      we get 
2
0 02 2
( ) ( )
( ) ( )
f f   
     

 , (20) 
that is consistent with (3)-(8). 
 
4 Current densities We use the above simple ap-
proximations for the calculation of current densities. 
Matrix elements of the interband current density in the 
eigenfunctions (2) are equal 
2
1( ) ( 1) yx
eup
j i
p L

     ( 1,2)   . (21) 
Matrices (14), (15), (17) and (21) are diagonal in the mo-
mentum representation, so the definition of statistical aver-
age of the interband current density is determined by tak-
ing into account the spin and valley degeneracy sg  and vg  
( 2s vg g  ): 
, ,
ˆˆ ( )x x xj Sp j j 
   
 

   
p
, (22) 
where 
2
0 0
12 21 21 12 2 1 0
2 2
( )
4 .
[( ) (2 ) ]
y i teupj j i E e
Lp
   

  
      
 
 (23) 
Note that for finding the finite current xj  we must sub-
tract in (23) from the expression 2 2 14 { [( ) (2 ) ]}      
the same expression at 0  . This known circumstance 
[2,3] is due to the fact that the current must vanish if vec-
tor-potential A  is not dependent on the time and coordi-
nates. After this in the obtained expression we have to 
make the substitution i     ( 0   ), obliged to the adiabatic condition [11]: at t    the density matrix 
reduces to the equilibrium density matrix. As a result, we 
have 
2 0 02
2 1
02 2 2 2
( )
( ) (2 )
y i t
x s v
peuj g g E e
L p i
 
   
       

p
. (24) 
The formula (24) looks only linear response, but the differ-
ence 0 02 1   does not apply the case of equilibrium and it 
characterizes the non-equilibrium stationary states, de-
pending on amplitude of the external electric field. Further 
calculations in (24) associated with the replacement 
2( / 2 ) x yL dp dp   
p
 and the use of formula 
2 2 2 1 2 2 1
2 2
[ ( ) (2 ) ] [( ) (2 ) ]
[( ) (2 ) ],
i P
i
    
  
     
 
 
  (25) 
where P  is the symbol of the principal value of the inte-
gral. 
Taking into consideration (24), (25) and (6)-(8) for dis-
sipative part of interband current, we will obtain: 
inter 0
02
2 ( , , )( ) cos
1 1
d
Gj t E t       , (26) 
2
0 / 4e    is the conductance quantum, 
1
( , , ) sh ch ch
2 2
G        
                    
  , (27) 
the change of   shall be made in formula (7) 
/2p u     , where the momentum p  corresponds 
to frequency  . 
The non-dissipative part of interband current: 
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2
inter 0
022
( 2 )( ) ln sin
( 2 )( 1 1)
ndj t E t
     
       

 . (28) 
The logarithmic singularity at 2   is cut by tempera-
ture (or currier relaxation) with the replacement 
2 2 2( 2 ) ( 2 ) (2 )          in (28). 
The intraband current density can be determined also 
from the Boltzmann kinetic equation for relaxation time 
approach 1/   
2
intra 0 0 20
v 1 22( ) ( )(2 ) ( )
i t
x s x
x
e E ej t g g v d
i p

   
     p ,(29) 
where /x xv up p , 01  and 02  are defined by formulas 
(6)-(8).  
The dissipative part of intraband current, which deter-
mines Joule heat generation and graphene transparency re-
duction, 
intra 0
02
16 ( , , )( ) cos
( 1 1)
d
gj t E t        , (30) 
where 
2 2
( )( , , ) ln 2ch
( ) ( ) 2
g        
          

  . (31) 
Non-dissipative part 
intra 0
02
16 ( , , )( ) sin
( 1 1)
nd
gj t E t         . (32) 
If 1   (in weak electric fields or at high frequency and 
short relaxation time 1/  ), the obtained formulas (26)-
(31) conform to the results [1-3] of the linear response the-
ory (first order of the perturbation theory). If 1  , i.e. 
in case of strong electric fields (or low frequency), there 
occur saturation of amplitudes of all induced currents (both 
dj  and ndj , interband and intraband ones). As concerns 
the saturation amplitude of dissipative part of interband 
current in doped graphene, we have as follows: 
inter
,max
| | ( , , )
2d
ej G
u
     . (33) 
Formulas (26) and (33) differ from the ones (4)-(5) in Ref. 
[8] (at 0   and 0  ) by factor ( , , )G     (see (27)), 
where ( ,0,0) 1G   . If   , the ratio between satura-
tion amplitudes of dissipative parts of intraband current 
and the interband one is 
intra
,max
inter 2
,max
ln 2ch
28 ( )
( ) ( , , )
d
d
j
j G

 
    
          . (34) 
In other words,  it is essentially  dependent of  temperature, 
field frequency, chemical potential of graphene and scat-
tering mechanism of free charge carriers, which determines 
function ( )   in particular. 
 
5 Optical transparency of doped graphene 
When applying the above-obtained formulas (26,27) and 
(30,31) to the dissipative currents inter ( )dj t  і intra ( )dj t , we can 
define the optical transparency of suspended graphene in 
vacuum (or air) according to the scheme of paper [8], 
where the interband case was researched for 0   and 
0  . The intraband conductivity is dominant at low fre-
quency of alternating electric field /    (or sufficient-
ly high temperatures), but the interband conductivity dom-
inates if /   . Let us consider these two cases sepa-
rately in order to get corresponding transmission coeffi-
cients interT  and intraT  for the incident radiation, propagat-
ing normal to the plane graphene with the linear polariza-
tion. We obtain the following algebraic equations for the 
transmission coefficients 2 20/TT E E  ( TE  and 0E  are 
electric fields of transmitted and incident wave):  
intra intra
8 ( , , ) 11
1 1
g
T I T
       , (35) 
inter inter
( , , ) 11
1 1
G
T I T
       , (36) 
where 2 /e c    is the fine structure constant, 
2
0( / )I euE   is the effective dimensionless intensity 
of incident wave. The "nonuniversal" features of doped 
graphene are shown in ( , , )g     and ( , , )G     (Eqs.(31), 
(27)) for the considered transitions. Figures 1, 2 demon-
strate the dependences of  transmission coefficients on the 
magnitude of incident wave at different values of chemical 
potential (with relevant concentration of free charge carri-
ers) and temperature, calculated from (35), (36). 
As in the case of the interband absorption relating to 
intrinsic graphene [8], we have nonlinear increase T  with 
rise of effective intensity I  of incident wave: first, at low 
values of I  – linearly [7], then – more slowly 1T  , 
where  
intra 161 ( , , )T g
I
     , inter 21 ( , , )T G
I
     . 
If I  is fixed, intraT  decreases with growth of   and  , as 
contrasted to growth of interT  (Figures 1, 2). It is explained 
by corresponding behavior of ( , , )g     (31), as compared 
with ( , , )G     (27). 
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Figure 1 Dependences of the transmission coefficients interT  
(blue) and intraT  (red) of suspended graphene on the effective in-
tensity of the incident radiation 20( / )I euE    at the temper-
ature 300 K.   0.010 eV. The blue curves (   0.3 eV): 1 
–  = 0.01 eV ( 0n  5.3  1010 cm-2); 2 –  = 0.10 eV ( 0n 
8.9  1011 cm-2); 3 –  = 0.15 eV ( 0n  1.8  1012 cm-2). The red 
curves (   0.015 eV): 1 –  = 0.010 eV ( 0n  5.3  1010 cm-
2); 2 –  = 0.015 eV ( 0n  8.1  1010 cm-2); 3 –  = 0.020 eV 
( 0n  1.1  1011 cm-2). 
 
6 Conclusion In the resonant interaction the obtained 
dependences of interband and intraband currents of doped 
graphene on electric field, frequency, chem. potential (of 
carrier concentration) and temperature prove significant 
deviations from the linear response theory in sufficiently 
strong electric fields and at low frequencies. The saturation 
was defined for all amplitudes of induced currents, as well 
as for nonlinear increase of appropriate transparency of 
suspended graphene with intensity growth of incident radi-
ation. The intraband transmission coefficient decreases 
with chem. potential and temperature rise, while the inter-
band transmission coefficient increases under the same 
conditions.  
The systematic and more detailed experimental re-
search of nonlinear effects of ac conductivity and transpar-
ency is topical at high intensity and lower frequencies of 
incident radiation in the doped and undoped graphene. 
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